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Abstract 

We investigate the existence of ground states of prescribed mass, 
for the nonlinear Sclirodinger energy on a noncompact metric graph Q. 
While in some cases the topology of Q may rule out or, on the contrary, 
guarantee the existence of ground states of any given mass, in general 
also some metric properties of Q, and their quantitative relation with 
the actual value of the prescribed mass, are relevant as concerns the 
existence of ground states. This may give rise to interesting phase 
transitions from nonexistence to existence of ground states, when a 
certain quantity reaches a critical threshold. 
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1 Introduction 

In this paper we carry on our investigation, initiated in [3], concerning the 
existence of ground states for the NLS energy functional 

(1) E(u,g) = ^\\u'\\ 2 L 2 {g) - ^IMIT(s) = lj g \ u '\ 2<ix ~lf g \ u \ Pdx 

on a noncompact metric graph Q, under the mass constraint 

(2) IMIl2(5) = A 
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Throughout the paper, the exponent p G (2,6) is fixed, while the mass p is a 
parameter of the problem. The domain Q is a connected metric graph, that 
is, a connected graph whose edges are (possibly half-infinite) segments of 
line, joined at their endpoints (the vertices of Q) according to the topology 
of the graph. Each edge e, after choosing a coordinate x e on it, can be 
regarded either as an interval [0 ,i e ], or as a positive half-line [0,+oo) (in 
this case the edge is attached to Q at x e = 0), and the spaces L r (Q), H l (Q) 
etc. can be defined in a natural way (we refer to [4] for more details). 
Endowing Q with the shortest path distance, one obtains a locally compact 
metric space: when Q consists of just one unbounded edge, for instance, 
one obtains R + , while M corresponds to two unbounded edges (for other 
examples, see Figures |T] [5]). 

In this framework, by a “ground state of mass p" we mean a solution to 
the minimization problem 

( 3 ) mhi £(w,£), H x {g) := { u G H l (Q) : \\u\\ 2 L2(g) = . 

Since existence of solutions is trivial when Q is compact, we will always 
assume that Q is noncompact or, equivalently, that at least one edge of 
Q is unbounded. Moreover, when dealing with a ground state u, we will 
always assume that u > 0 (up to a constant phase, as shown in |4j, this 
is not restrictive: for this reason, we only consider real valued functions). 
Finally, we mention that any ground state u G H^fQ) satisfies, for a suitable 
Lagrange multiplier A, the nonlinear equation 

(4) u" + u\u\ p ~ 2 = Xu 

on every edge of Q, coupled with a homogeneous Kirchhoff condition at 
every vertex of Q (see [4] for more details). 

The main results of [4] can be summarized as follows. On the one hand it 
was proved that, apart from certain particular cases, a topological condition 
on Q called “assumption (H)” prevents the existence of ground states for 
every value of p. If all the oo-points of the half-lines of Q are regarded as a 
single vertex, this assumption takes the form 

(H) Q, as a graph, can be covered by cycles 

(observe that a noncompact Q satisfying (H) must have at least two half- 
lines). On the other hand, the case where Q consists of two half-lines and 
a finite interval, all emanating from the same vertex, was studied in detail, 
and it was proved that a ground state does exist for every p. Indeed this 
topology, namely a real line with an interval attached at one endpoint, is 
the simplest one that violates assumption (H), among graphs with at least 
two half-lines. 
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Thus, regardless of the prescribed mass //, certain topologies of Q rule 
out the existence of ground states, while, in view of the mentioned example, 
other topologies may guarantee their existence. 

The main purpose of this paper is to provide general sufficient conditions 
on Q , not only topological but also of a metric nature, to guarantee the 
existence of a ground state of prescribed mass g.. On a general ground the 
outcome is that, given the topology of Q, the existence of ground states will 
strongly depend on the interplay between the metric properties of Q (i.e. the 
actual lengths of its bounded edges) and the value of /i. A typical example 
is Proposition 14.11 if Q has a terminal edge of length £, and the product 
is large enough (/3 = §r|)> then Q admits a ground state. Observe that g, 
and the metric properties of Q are related in a natural way, due to how the 
minimization problem 0 scales, under homotheties of Q (see Remark 12.31) : 
in particular, ^c~ 13 scales as a length. 

Central to our investigation is the ground-state energy level 

(5) £g(fi) := inf {E(u,G) : u G #*(£)} , ^ > 0, 

regarded as a function of /i, for fixed Q. In [3] it was proved that 

(6) £r+(aO < £<?(» < 

for every noncompact Q. The quantities on the right and on the left are, 
respectively, the energy level of a soliton of mass /r on the real line, and the 
energy level of a half-soliton of mass /r on the positive half-line. Thus, in 
a sense, R + and R are extremal, among noncompact graphs, as regards the 
ground-state energy level. 

As we shall prove in Theorem l3.31 if the second inequality in ([6]) is strict , 
then Q admits a ground state of mass /i. In other words, the existence of 
a minimizer for (0 is guaranteed, as soon as one constructs a function u G 
H 3 (Q) with an energy level not higher than the energy level of a soliton on 
the real line fCorollarv l3.4l) : this is quite effective in the applications (see the 
examples at the end of Section [3]) since, starting from a soliton cj)^ on R, one 
may try to “cut pieces” of q ^ and, possibly after monotone rearrangements, 
paste them on the graph Q, to obtain a competitor u G with a lower 

energy. 

This result also entails that, whenever Q admits no ground state of mass 
fi, its energy level Sg( //), though not achieved by any function u G H 3 (Q), 
is necessarily equal to that of the soliton. 

We also prove (Theorem 13.Ill that £g{/j) is strictly subadditive and con¬ 
cave. This information allows us to completely characterize the behavior 
of any minimizing sequence {u n }, relative to (ED, by a dichotomy principle 
^Theorem 13.21) : if u n — 1 u in H 3 (Q), then either u n —» u strongly (and 
u G H 3 (Q) is a minimizer), or u = 0 (and u n , in this case, loses all of its 
mass at infinity). 
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In general, the weak compactness of minimizing sequences is guaranteed 
by a set of new a priori estimates (Lemma 12.61) . which are universal in 
the following sense: they are given in terms of powers of p and numerical 
constants C, that depend only on the exponent p and not on the particular 
graph Q. This, in turn, is a consequence of the universal Gagliardo-Nirenberg 
inequality 0. 

As regards the existence of ground states, interesting phase transitions 
may occur if, for fixed p, one alters the metric properties of Q without 
changing its topology (and, dually, the same may occur if p is altered while 
Q is unchanged). Here we start the investigation of this phenomenon by a 
case study, namely when Q is made up of N half-lines ( N > 2) and a pendant 
edge of length £, all emanating from the same vertex. When TV = 2 it is 
known from [5] that a ground state exists for every £, p > 0. When N > 2, we 
prove (Theorem 14.41) that there exists a number C* > 0, depending only on 
p and N, such that a ground state exists if and only if £p@ > C* (/3 = |5|)- 
Of course, when £p f8 is large enough, the existence of a ground state follows 
from Proposition 14.11 the real point is that a sharp phase transition, from 
nonexistence to existence of a ground state, occurs at C* (if p is fixed, the 
phase transition occurs at the critical length l* = C* p~@ while, if £ is fixed, 
it occurs at the critical mass ( £/C *)^). It is an open problem to establish 
if such a sharp transition is a general fact (a quite strong reinforcement of 
Proposition HU), or if (and to what extent) it is peculiar to this example 
(our proof builds on Theorem 14.31 a stability result of general validity, but 
the particular structure of Q is somehow exploited, to prove that ground 
states persist when £ is enlarged). We point out that this topology is the 
simplest one that violates assumption (H), among all metric graphs with N 
half-lines. 

Finally, an issue that remained open from (4] was to establish whether 
a metric graph Q, having just one half-line , always admits a ground state 
(in this case assumption (H) is automatically violated, and ground states 
may indeed exist: see Figures HJ [5]). As a metric graph, any such Q is just 
a compact perturbation of M + , hence a competitor u € H^(Q) might well 
exist, quite similar in shape to a half-soliton on R + and with a comparable 
energy: the energy level £g(p) would then be closer to its lower bound than 
to its upper bound in d6j) , and a ground state would then exist by virtue of 
Theorem 13.31 

In Section 0 however, we show how counterexamples can be constructed, 
and the idea underlying the proof highlights a new interesting phenomenon: 
if Q consists of a compact core /C attached to one single half-line, ground 
states with a fixed mass cannot exist, if /C has a small diameter and a large 
total length (see Theorem 15.11 and Corollary 15.21) . 

The subject of dynamics on quantum graphs is now recognized as a 
relevant issue. Starting from seminal works EE], nonlinear propagation on 
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networks has been proposed in different contexts (E ED EDI). The rigorous 
study of the NLS equation on graphs started with [lj, while the problem 
of minimizing the NLS energy was first faced in [2], but limited to the 
case of star graphs. Bridge-type graphs were treated in [3], while the first 
general results on noncompact graphs are contained in [4j . The problem 
of energy minimization on graphs with a mixed propagation (i.e. linear on 
unbounded edges, while nonlinear in the compact core), well-known in the 
physical literature (see e.g. [16]), is considered in [21] , For general definitions 
and results on metric graphs, we refer to EDUCES]- 


2 General properties of minimizers 


In this section we establish several new a priori estimates for ground states 
of prescribed mass. An interesting feature is that these estimates do not 
depend on the particular structure of the graph Q (provided it is not com¬ 
pact). Throughout, we denote by C p (or simply by C) a generic positive 
constant that depends only on the exponent p. 

The starting point is the following Gagliardo-Nirenberg inequality. 


Proposition 2.1 (Universal G-N inequality). 


There exists C p > 0 such that 


( 7 ) 


\\p < r i 

II LP(Q) — 


U 


2+1 

2 ^ 


2-1 

2 


'L 2 (Q ) 11 NL2(0)’ 


for every u G H l (Q) and every noncompact metric graph Q. 

Proof. When Q = M + is a half-line, (JT]) is well known (see |13]h In general, 
if Q is noncompact and u G H l {Q ), one may pass from u to its decreasing 
rearrangement u* € (see mm)- This passage preserves all the L r 

norms, and does not increase the L 2 norm of u' (see 0 )- As a consequence 
0, which is true for u* when Q = M + , is true for u as well, with the same 
constant. □ 


If Q is compact then (E) does not hold (in this form), as one can see 
letting u = 1. For noncompact Q, however, in exactly the same way one can 
prove the validity of 

( 8 ) \\ U \\ l°°(0) < C\\u\\ L 2(gj\\u'\\ L 2(g), 

with C > 0 independent of Q (C = 2 will do). 

An important role in the sequel is played by the ground states on the 
real line, known as solitons (see mm)- 

Remark 2.2 (Solitons). When Q = M the solutions to (j3|), called solitons, 
are unique up to translations and a change of sign. We denote by f> p (the 
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dependence on p being understood) the positive soliton of mass p centered 
at the origin, whose dependence on p is given by the scaling rule 

(9) = n a (j) i(/A), a = —^ , /? = |—- 

where 4>i(x) = C p sech (c p x) a ^ with C p , c p > 0 (also note that a, (3 > 0 since 
p £ (2,6)). Then a direct computation shows that 

(10) £ m (/x)=£(^,M) = -V 2/3+1 , e p :=-E{(t> i,R)>0. 

When Q = M + , the unique positive ground state is the “half soliton”, i.e. 
02 ^ restricted to M + , so that now 

(11) S R+ (p) = E(fo p ,R+) = ±E{<j> 2m ,M) = -2 2 %/r 2 ^ +1 

with 9 p as above. Then, we see that © takes the concrete form 

(12) - 2 2 Pd p p 2 P +1 < inf E{u,G) < -0 p p 2 P +1 . 

ue H^{g) 

This notation concerning solitons, and in particular the exponents a, (3 de¬ 
fined in ([9]), will be used systematically throughout the paper, without fur¬ 
ther reference. 

Remark 2.3 (Scaling). If u £ H 1 (G), the quantities 
r \\ u \\L 2 (g)’ d- ll u ll Lp(g)' " 

where p := IMI^gp are invariant , if one dilates G and and rescales u 
according to 

G !-)• t~^G, u(-) ^ t a u(t^-), (t > 0) 

(the same scaling rule as in ([9]), for solitons). Clearly, also the normalized 
energy p^ 2/3 ^ 1 E(u,G) is invariant, while the mass ||w ||^2 passes from p to 
tp. Therefore, the minimization problem ([3]) (with mass constraint p) is 
equivalent to one with any desired mass constraint (e.g. p = 1) on another 
graph, homothetic to G■ Similarly, any characteristic length i on G (e.g. the 
diameter of its compact core, or the length of a given edge) transforms as 
( i->- t~Pl, so that the quantity p^i is scale invariant. 

Definition 2.4. If G is a metric graph, we define its compact core JC as the 
metric graph obtained from G by removing every unbounded edge (half-line). 

As a metric space, /C is obtained from G by removing the interior of 
every half-line (so that the origin of the half-lines still belong to 1C). It is 
clear that the compact core JC is compact: moreover, when G is connected 
(as we always assume throughout) 1C is also connected, since every half-line 
is a terminal edge for G- If G consists only of half-lines, all sharing the same 
vertex V as their origin, then K (as a graph) has no edge and has V as its 
only vertex: as a metric space, in this case JC consists of one isolated point. 
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Proposition 2.5. Assume Q is a metric graph with at least two half-lines, 
and let u E H p {Q) for some /a > 0. Then 

(i) If the L°° norm of u is attained on a half-line of Q, then 

(13) E(u,G) > 

and the inequality is strict, unless Q is isometric to the real line and 
u is a translate of the soliton 

(ii) If u is a minimizer, then its L°° norm is attained on the compact core 
of Q, unless Q is isometric to K and u is a soliton. 

Proof, (i) Replacing u with |it|, we may assume that u > 0 on Q. Let y be a 
point on a half-line PL where u(y) = || 9 and observe that u(y) > 0 since 
u E HjjfQ). Since u(x) —>• 0 as x —>• oo along every half-line, if 0 < t < u(y) 
then rt _1 (t) has at least two preimages in Q: one on PL, between y and the 
oo-point of PL, and another one along any path P that joins y to the oo-point 
of a half-line other than PL. Then, if u denotes the symmetric rearrangement 
of u on R, from Prop. 3.1 of @| we have E(u,Q ) > E(u,M) and (fl3l) follows, 
since (j) p is a minimizer in (unique, up to a translation and a sign 

change). If equality occurs, then necessarily u = and, since u and u 
are equimeasurable, we deduce that w _1 (t) has exactly two preimages on Q, 
for every t E (0 ,u(y)): then, if P is a path of the kind described above, it 
follows that PL U P covers Q , and the claim follows. 

(ii) This part follows immediately from (i), recalling m ■ □ 

In the next result we show that all the relevant quantities are controlled 
in terms of /U (independently of Q) in suitable sublevel sets of the energy E. 

Lemma 2.6. Let Q be a non-compact graph, and let u E HjfQ) be such that 

(14) E{u,Q )<i inf E(v,G). 

2 veH^g) 


Then 


(15) 


< 

f \u 2 dx 
Jg 

< cy? +i 

(16) 

c-y ^ 1 

< 

[ \u\ p dx 

< c P ^ +1 




Jg 


(17) 

c p -V +1 

< 

ll u ll L°°(g) 

< C P n P+1 , 


for some constant C p > 0 depending only on p. 

Remark 2.7. By (|12l) and (1101) . the infimum in (1141) is strictly negative, hence 
(hd is certainly satisfied when u is a ground state or, more generally, when 
u belongs to a minimizing sequence {u n } and n is large enough. 
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Proof. By Remark 12.31 we may assume that )J. = 1. In this case, © takes 
the form 

(18) V < C v T V ^r 

where T,V denote, respectively, the two integrals in (1T51) and ([TUP . On the 
other hand, (1141) combined with (1121) gives 

(19) \t- 1 -v = e{ u ,g)<- ^<0. 

In particular T < - V which, combined with (USD, gives T < C, i.e. the 
second estimate in ()15[) when p = 1. Then V < C (the second part of 
(USD) follows from (1181) . Finally, the second inequality in (1171) follows from 
(HD- Now we prove the estimates from below. Since T > o, (USD gives 
—V < —p0 p / 2, i.e. V > C -1 . This, combined with (fl8l) . gives T > C~ l . 
Finally, since V < the first part of (1171) follows from 

V>C~ l . □ 

Corollary 2.8. Let Q be a noncompact graph, and let u € Hp(G) be a 
ground state. Then the Lagrange multiplier A in 0 satisfies 

(20) Cp-V 2/? ^ A < C pL 2P - 

Moreover, the restriction of u to any half-line of Q takes the form 


( 21 ) 


u{x) = (j) m (x + y), x > 0, 


where y € R depends on the half-line while m is common to all the half-lines, 
and satisfies 

(22) C~ l p <m< C p p. 


Proof. A ground state u satisfies the Euler-Lagrange equation 


/ (— u'rf + u\u\ p 2 rj) dx = A / wq dx Mq^H 1 {G), 
Jg Jg 

where A is the same as in 0 (see a). Testing with r/ = u yields 

— / \u'\ 2 dx + / \u\ p = A / \u\ 2 dx = Xp, 

Jg Jg Jg 


and © follows from csd and (USD. Moreover, once A is fixed, it is well 
known that any solution in L 2 (R + ) of Q is necessarily a (portion of) soliton 
as in ©. Since, by 0, A = C p m 2 ^, estimate (f22]) follows from (12U1) . □ 


When several half-lines originate in the same vertex of G , the structure 
of a ground state is even more rigid. 


Theorem 2.9. Assume that Q is not homeomorphic to M, and that N half¬ 
lines (N >2) emanate from the same vertex V. Then, along each of these N 
half-lines, any ground state u takes the form m with the same, nonnegative 
value of y. 

Proof. Let us denote by Tii (1 <i<N) the N half-lines originating in V. By 
Corollary [221 on each TLi any ground state u(x) takes the form (f 2 lj) . with the 
same m and a shift y = yt that may depend on i. In fact, since u is continuous 
at V and the soliton <f> m (x) is even and radially decreasing, the absolute value 
\yi\ is independent of i, being determined by the condition <f m {±y) = uiy). 
Therefore, it suffices to prove that y%> 0 for every i. Assuming, for instance, 
that ?/i < 0 , we shall find a contradiction, by building a family of competitors 
with a lower energy level than u. 

Consider the two following subgraphs of Q\ Gi := PL\ U PL 2 , which is 
isometric to M, and Q 2 , obtained from Q by removing the edges PLi and 
TI 2 (G 2 has at least one edge, otherwise G would be isometric to M). We 
have G\ C G 2 = {v}, and we can split the ground state u as {u\,U 2 ), with 
Ui £ H l (Gi) satisfying the continuity condition 

(23) «i(v) = tt 2 (v). 

We also let fi t = ||uj||| 2 m.), so that /i\ + 112 = T-, the total mass of u (since 
u > 0 on G, we have 1 x 1,112 > 0 ). Finally, we observe that 

(24) 0 = inf u\ < u\{y) < maxui, 

Qi Gi 

the second inequality being a direct consequence of the assumption y\ < 0 . 
Now, consider the two functions vf £ H 1 (Gi) ( 1 <T< 2 ) defined by 

(25) vf(x) := (1 + e )2 ui(x), v 2 (x) := (1 - £ 111 / 112 ) 5 u 2 (x), 

where e is a small parameter. Clearly = h, but due 

to (1231) . when t/Owe have ff(v) 7 ^ u|(v). If l e l I s small enough, however, 
(1241) . (f23l) and (1251) entail that 

0 = inf Vi < v 2 (v) < maxuf. 

Gi Gi 

Therefore, since G 1 is isometric to M, we can shift v\ on G 1 by a proper 
amount, in such a way that the shifted function (still denoted by v\ for 
simplicity) satisfies uf(v) = v 2 (v). Now v\ and v 2 can be glued together on 
G, thus obtaining a function in H^(Q) whose energy is given by 

f{e) := E(yl,Gi) + E(yl,G2) ( K | 2 dx - ——[ \ui\ p dx 

2 J Gl p J Gl 

+ i -egi^r K2 ,2 rfx _ (i-^i/M2)^ , f lu2{Pdx 

2 Jg 2 P JGi 
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(we can regard v\ as originally defined in (1251) , since energy is shift invariant 
on Gi). Since clearly f"(s) < 0 when |e| is small, / cannot have a local 
minimum at e = 0, but this is a contradiction since /(0) = E(u,Q) and u is 
a ground state. □ 

It is an open problem to establish whether the previous result is still true 
when N = 1. 


3 Existence results 

In this section we investigate the behavior of minimizing sequences on a 
generic non compact graph. We start with a general concavity property for 
the energy level function in (|5j), that holds on any noncompact graph. 

Theorem 3.1 (Concavity). The function Eg : [0,oo) —>• [0, — oo), as defined 
in is strictly concave and subadditive. 

Proof. For u € H 1 (G), we set V u = fg \u\ p dx and define 

(26) U := ^u£H\G) : J \u\ 2 dx = 1 , n*V u > <7~V 2/3+1 

where Cfi 1 is the same as in (1161) . Then, we consider the family of concave 
functions 

r § 

:= E ^ / \u'\ 2 dx - — 14, h > 0, ueU. 

2 Jg V 

By Remark 12.71 the value of £g(tr) is unaltered, if the infimum in ([5]) is 
further restricted to functions satisfying the lower bound in (1161) or, which 
is the same, to functions of the form u with u € U. Therefore, we have 

£g(p) := inf / u (/i), h > 0, 

ueu 

so that £g inherits concavity from the ffi s. Now, since = —c p faz~ 2 V u 

(c p > 0 ), we see from OBI) that /"(//) < —CpCfi 1 ^ 2 ^ 1 , so that the strict 
concavity of f u on every interval [a, b] C (0, oo) is uniform in u. Hence Eg 
is strictly concave, and also strictly subadditive since £g(0) = 0 . □ 

The following is the main result of this section. 

Theorem 3.2. Any minimizing sequence {u n } C H^G) is weakly compact 
in H l {Q). If u n —*• u weakly in H l (G), then, either 

(i) u n —^ 0 in LfffiG) and u = 0 , or 

(ii) u € HjfiG), u is a minimizer and u n —>• u strongly in H l {G) fl L P (G). 
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Proof. We can assume Q is noncompact, otherwise (ii) is automatic due to 
compact embeddings. The boundedness of {u n } in H l (Q ) n L P (Q ) follows 
from Remark [2771 Now assume that u n —*■ u in i7 1 (^), so that u n —>• u also 
in From weak convergence in L 2 (G), we have 


(27) 


m := / |u | 2 dx < liminf / |it n | 2 cLc = yu. 


/G 


Since u n —>• u pointwise and ||tt n ||x,p is uniformly bounded, by the Brezis- 
Lieb lemma ([9]) we have 

- f \u n \ p dx - f \u n — u\ p dx - [ \u\ p dx = oil) 

P Jg P Jg P Jg 

as n —>• oo. By weak convergence of u' n we also have 

- [ \u' \ 2 dx - [ \v! — v!\ 2 dx - [ \u'\ 2 dx = o(l) 

2 Jg ' nl 2 Jg 1 n 1 2 1 ; 

so that, taking the difference, we find 


( 28 ) E(u n , (?) = E(u n — u,G) + E(u , £/) + o(l) 
as n —>• oo. Therefore, letting = jg \u n — u\ 2 dx, we have 

E{u n ,Q) > £g{v n ) + E{u,Q) + o(l), asn->oo. 

L 2 

Letting n —> oo, from u n —^ u we have zz n —>• ji—m and, since is continuous 
(Theorem 13.II) . from the previous inequality we obtain 

( 29 ) £g{p) > £g{p - m) + E{u, Q) > £g(n - m) + £g(m). 

Since £g is strictly subadditive, if 0 < m < n we would have £q(/jl — m) + 
£g(m) > £g{p), which plugged into OU1) would give a contradiction. There¬ 
fore, either m = 0 (and u = 0), or m = fi, in which case u € H^{G). 
Moreover, in this case £g(fi — m) = £g(0) = 0, and (|29l) reveals that 
£g(l-i) > E(u,G), whence u is a minimizer. Moreover, when rn = /j, (12711 
shows that u n —>• u strongly in L 2 (G), hence also strongly in L P (G), since 
p > 2 and || u„||loo < C by Remark 12.71 But 

oils'llI2 - -IMIlp = - E («^) = ^(t 1 ) = lim ( oll^Hi 2 _ -IKIIlp ) > 

2 P n \2 P J 

and strong convergence in L p implies the convergence of the L 2 -norms of u' n 
to the corresponding norm of u'. Hence, u n —>• u strongly in H 1 (G). □ 


Theorem 3.3. Let Q be a noncompact graph. If 

(30) inf E(v,G) < min E((f>,R), 

veH^g) cj>GHf(R) 

then the infimum is attained. 
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Proof. Given a minimizing sequence {u n } C it suffices to rule out 

case (i) of Theorem m Therefore, we assume that u n —>• 0 in L™ C (Q), and 
we seek a contradiction. 

If e n denotes the maximum of u n on the compact core of G, clearly 
e n —>• 0. Therefore, letting v n := max{0, — e n }, since G contains at least 
one half-line along which u n —>• 0, we see that the number of preimages u“ 1 (t) 
is at least 2 for every t € (0, maxu n ) and every n. If v n is the symmetric 
rearrangement of v n on R, Proposition 3.1 of [4] shows that 

E(v n ,G) > E(v n , R) > min E{6, R). 

fcH'i R) 

Moreover, since \\u n — u n ||#i(g) = o(l) as n —>• oo, {u n } is still a minimiz¬ 
ing sequence so that, letting n —» oo in the previous inequality, the strict 
inequality in (13(1 is violated. □ 

The following immediate corollary is the operative version of the preced¬ 
ing result. 

Corollary 3.4. Let G be a noncompact graph. If there exists u € H^(G) 
such that 

(31) E(u,Q) < £(0 m ,R), 

then G admits a ground state of mass [i. 

Proof. If the mentioned u is not a ground state, then (15U1) is satisfied because 
(is a ground state on R, and Theorem 13.31 applies. □ 

We now show, through a series of examples, how Corollary 13.41 can be 
applied, to detect the existence of ground states. 

In all the examples below, a soliton of arbitrary mass is cut, and its pieces 
are pasted and possibly partly rearranged on the graph G under study. The 
construction always ends up with a function in the space H l (G) with the 
same mass as the original soliton, but with a lower (or equal) energy: then, 
as a result of Corollary 13.41 all the graphs in Figures Q] E] admit a ground 
state of mass //, for every /i > 0. 

First, in Fig. |T]it is shown how a soliton, due to its symmetries, can be 
placed on a line with two circles, i.e. on a graph G made up of two half-lines, 
two edges each of length I\/2 , and a self-loop of length I 2 , arranged as in 
Figure [ljb (the resulting function achieves its maximum at the north pole of 
the upper circle). This procedure does not affect the value of the energy, so 
a ground state exists by Corollary 13.41 (in fact, as shown in [4], the ground 
state is the function just now constructed). 

As a second example we consider a signpost graph G, made up of two 
half-lines, one edge of length I 2 , and another edge of length t\ that forms 
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Figure 1: a line with two circles. A soliton </> M , in (a), can be folded and placed, 
without changing its energy, on the graph in (b): the two circles have length t\ and £ 2 , 
while arrows indicate the directions in which the function decreases. 

a self-loop, as in Fig. [2j The caption explains how a function can be 
constructed, with an energy level strictly lower than the soliton’s, starting 
from the function in Figure [ljb. 



Figure 2: a signpost graph. The folded soliton of Fig. |T]b can be placed on the 
signpost, after a monotone rearrangement of v from the circle to an interval I of length 
£ 2 , thus obtaining a function v* € // 1 (1). Energy is decreased by the rearrangement. 

A similar strategy works when Q consists of two half-lines and a terminal 
edge, as explained in Figure [21 The existence of ground states for this Q was 
established in [1J by ad hoc techniques, specific to this graph. 

Also for a tadpole graph, i.e. a half-line attached to a self-loop as in Figure[4l 
one can easily construct a function more performant than the soliton, as 
explained in the caption. Tadpole graphs were considered in ([121 [H]), as 
concerns the existence of solutions to dH) with the Kirchhoff condition: now 
we know that, among those solutions, there exist ground states of arbitrary 
prescribed mass. 

As a last example, we consider a 3 -fork graph, which can be handled as 
explained in Fig. [21 By a proper choice of the initial lengths and of 

the point where the second self-loop is opened, the lengths of the three spikes 
can be made arbitrary. The case of a 2-fork can be treated as a degenerate 
case, when £2 = 0 in Figure [lja, so that no v is needed and the lower circle 
in Figure [TJb disappears. 


13 









u 


V 


* 


oo 


w 


w 


oo 


Figure 3: line with a terminal edge. Starting from the function in Figure 0 whose 
energy level is lower than the soliton’s, one may further unfold the self-loop, obtaining a 
function fitted to a line with a single pendant, of length 


OO 



Figure 4: a tadpole graph. The energy of the soliton can be lowered by rearranging 
v as in Fig. [5] Furthermore, by a monotone rearrangement from H 1 ( R) to H 1 ( R + ), the 
two soliton tails denoted by w can be melted into a single function w*. 


Finally, we mention that several other examples can be made if, for in¬ 
stance, one folds a soliton and fits it to a line with a “tower of n circles” 
(n > 2) stacked together: Figure |T] corresponds to n = 2, but the construc¬ 
tion is easily generalized when n > 2. 



Figure 5: a 3-fork graph. Construction of a competitor: first, by a monotone re¬ 
arrangement, the two tails w in Figure [T]b are melted into w* G then the two 

self-loops are opened (a). The resulting function now fits the 3-fork graph (b). 
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4 Stability and threshold phenomena 


The main purpose of this section is to show that the existence of a ground 
state on a graph does not depend on the topology of the graph only, but also 
on the interplay between its metric properties (e.g the length of some edges) 
and the mass p. In some cases this will lead to sharp threshold phenomena, 
in which a graph Q admits a ground state if and only if a certain quantity 
exceeds a critical value. 

Since, in order to have existence, assumption (H) must be violated, we focus 
on the simplest possible violation of it, namely the presence of a termi¬ 
nal edge, that we shall model as the interval [0,^]. The first result is a 
consequence of Corollary 13.41 and shows that if p@£ is large enough then a 
minimizer exists. 

Proposition 4.1. Let Q be a noncompact graph with a terminal edge of 
length £. There exists C* > 0 such that if pPl > C*, then Q admits a ground 
state. 

Proof. By scaling fRenrark l2.3p . we may assume that p = 1. Since 2> 1, 
putting p = 1 in ffTTT) and (fTOl) we have .E( 02 ,M“ I “) < E(cj) i,M): therefore, if 
C* is large enough, there exists a function u € H 1 ( M + ) such that 

r +oo 

E{u, M + ) < E((fi, R), / \u\ 2 dx = 1, u(x) = 0 Vx > C* 

Jo 

(for instance, one may take (cj> 2 — e) + with e small, and then renormalize it 
in L 2 (M + )). Now, if £ > C *, we may interpret [0,^] as the terminal edge of 
Q (attached to Q at x = £) and extend u = 0 on the rest of Q: we have thus 
constructed a function u € H 1 (Q) of mass 1, such that E(u,Q) < E(cj) i,M). 
By Corollary 13.41 Q admits a ground state of mass 1. □ 

The next result illustrates a sort of stability as regards the existence of 
ground states. In particular it says, loosely speaking, that the “limit” of 
shrinking graphs carrying a ground state also carries a ground state. 

Let Q be any noncompact graph and, for every n € N, let IC n be a 
connected compact graph, of total length |/C n |. We denote by Q n the graph 
obtained by attaching JC n to Q, at some (fixed) point V of Q. Notice that, 
in this way, Q can be regarded as a subgraph of Q n . 

Remark 4.2. The simplest example of this structure is when each K. n is a 
single edge of length £ n , attached to Q as a (further) terminal edge. 

Theorem 4.3. Let p > 0. If every Q n admits a ground state u n of mass p, 
and |/C n | — y 0 as n —>• 00 , then also Q admits a ground state of mass p. 
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Proof. Arguing by contradiction, let us assume that Q has no ground state 
of mass 1 (by scaling, we may assume p = 1). Then from ([ 6 |) and (1101) we 
have 


(32) £e„(l) = E(u n ,G n ) < — 9 P , £g(l) =—dp, 

otherwise a ground state would exist on Q too, by Theorem 13.31 Letting 
a n := fg \u n \ 2 dx, by restriction to Q we define v n := a n X ^ 2 u n , as a function 
in H 1 (Q) of mass 1. Since v n is not a ground state, a n < p = 1 and p > 2, 
we have from (1521) and (fTj) 

-d p < E(v n , Q) < — E(u n , Q) = — (E(u n , Q n ) - E(u n ,IC n )) 

(33) ° n Gn 

= — (~d p - E(u n ,/C n )) < — (-dp + - [ \u n \ p dx 
°n Vn\ PJK. n 

Now, since |/C n | —>• 0 while \u n \ < C p by (1T7D . we have 



lim / \u n \ 2 dx = 0, lim / \u n \ p dx = 0, 

n^-oo / n—>-oo 1^ 

/V-7T, 1/ /V.77, 

and the first limit entails that a n —> 1 , since ||u n ||^ 2 /g ) = = 1. As a 

consequence, letting n —> oo in (1331) . we have E(v n ,Q) —>• — so that {w n } 
is a minimizing sequence by (1321) . Since Q has no ground state, case (i) of 
Theorem 13.21 must occur relative to {v n }, so that v n —>• 0 in Lfff c (G) and 
hence, since a n —>• 1, also u n —» 0 in Lj“ c (C/). In particular, if V is the point 
of Q where each K, n is attached, u n (v) —> 0. Since JC n is connected, 

max u n < u n (v) + / \u'\ dx < u n (v) + \JC n fi • \\u' n \\ L 2 < g \ 

J K n 

and, since \JC n \ —>• 0 , applying (fl5l) to u' n on G n we see that 


(34) 


M n := \\u n \\L°°(K n ) ->■ 0 as n ^ oo. 


Now, multiplying (|33l) by cr n , moving —d p to the left hand side, and using 
M n to partially estimate the last integral, we find 


(1 v n )d p < 






(l-0Yi) 


having used p = 1 in the last passage. Since a n € (0,1), dividing by 1 — u n 
and letting n —>• oo, from (1341) we obtain < 0, which is a contradiction 
since d p > 0 by (flOl) . □ 
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We are now ready to describe the threshold phenomenon mentioned in 
the Introduction. We will show that a sharp phase transition between exis¬ 
tence and nonexistence of ground sates may occur, when a certain quantity 
passes through a critical value. 

To illustrate this phenomenon, we consider the case where Q is a star- 
graph made up of several half-lines and one bounded edge of length £: ex¬ 
istence of ground states of mass fi then depends on the product pri, and a 
precise threshold arises. Our techniques are to some extent ad hoc, and it is 
an open problem to investigate the validity of this threshold phenomenon, 
on a generic graph Q. 

Theorem 4.4. Let Qf denote the graph made up of N half-lines (N >3) 
and a terminal edge of length i, all emanating from the same vertex V. Then 
there exists C* > 0 (depending only on N and p) such that 

(35) inf E(w,Qf) is attained -<=4- u?£>C*. 

Proof. By scaling, we may assume that /i =1 , and define C* as the infimum 
of those £ > 0, such that Qf admits a ground state of mass 1 (the finiteness 
of C* follows from Proposition 14.11) . We have C* > 0, otherwise, if Qf had a 
ground state for arbitrarily small £, then by Theorem 14.31 (applied with /C n 
as in Remark 14.21) Qq would have a ground state too: but since Qq satisfies 
Assumption (H), by Theorem 2.5 in [3] it admits no ground state. Moreover, 
considering a sequence £ n j. C* such that Qf n carries a ground state, we see 
from Theorem 14.31 that Qf has a ground state, when £ = C*. 

To complete the proof we now show that, if £' > t and Qf has a ground 
state u of mass 1, then Qf has a ground state too. Relying on Corollary 13.41 
it is sufficient to construct a competitor v € H ] (Qf ). of mass 1, such that 

(36) E(v, Qf) < E(u, Qf). 

Our competitor will be constructed starting from the ground state u , and 
fitting it to Qf by the following geometric surgery procedure on Qf. 

By Theorem 12.91 the restriction of u to any half-line of Qf is always 
the same function : [0, +oo) —>• R. One begins by removing from every 
half-line of Qf its initial interval [0, 5), where 8 = {£' — £)/N. The remaining 
(unbounded) portions of these N half-lines, glued at their starting point, 
form the N half-lines of Qf\ on this part of Qf (to which we shall later 
attach a pendant of length £'). the competitor v is defined in a natural 
way, as the restriction of the original u. We are thus left with N copies of 
the interval [0, 8) (each carrying a copy of (j) : [0, 8) —>• R) and the original 
pendant of Qf (an interval If of length £ that carries a portion of u): these 
can be used to construct the pendant of Qf (and define v there), as follows. 
First, on the interval I = [0, NS] = [0,1" — l\ 1 we define 

veH'il), v(x):=(/>{8-x/N), 0<x<N8 , 
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that is, a horizontal stretching of f>[o t s) by a factor N, combined with a 
reflection. It is clear that, on passing from the N copies of ^>[o,< 5 ), to v over 
I, the overall L 2 and L p norms (in fact, all the U norms) are preserved, while 
the kinetic part of the energy is reduced by a factor 1/N (which accounts 
for the inequality in (l36li h Then, since by construction u(0) = 4>(S), the 
interval I can be attached to the N half-lines previously constructed, in 
such a way that v is continuous. Finally, the original pendant In of Qi can 
be further attached to I (forming one single pendant of length £') and, since 
v(NS) = <j){ 0 ) = ■u(v), the original u on I\ can be used to extend v, from / 
to M, in a continuous fashion. Thus, by construction, the total mass of 
v equals that of u, and (1361) is satisfied. □ 


5 Graphs with one half-line and no ground state 


In this section we consider noncompact metric graphs Q consisting of a 
compact core K, with the addition of one half-line attached to it, and we show 
that ground states with a prescribed mass may fail to exist. As mentioned in 
the Introduction, this issue is nontrivial since graphs with just one half-line 
cannot satisfy assumption (H) of [lj (which would automatically rule out 
ground states of any mass): on the contrary, their structure rather seems 
to favour a fruitful use of Corollary 13.41 and this makes the construction of 
counterexamples quite involved. 

If K. is compact metric graph, the following Sobolev inequality is well 
known (see e.g. Corollary 2.2 in mi) 

(37) WuWLoofjQ < \£\~?\\u\\ L 2()c) +diam(/C)5||'u'|| L 2(K ) , \/u G i7 1 (/C), 

where |/C| is the total length of /C while diam(/C) is its diameter. It turns 
out that, for fixed mass, a big length and a small diameter may represent 
an obstruction to the existence of ground states. 


Theorem 5.1. There exists a numbers > 0, depending only onp, with the 
following property. If p > 0 and Q consists of one half-line and a compact 
core K. satisfying 


(38) 


max 


l /d 3 diam(/C), 



< e, 


then Q has no ground state of mass p. 


Proof. Assuming e small enough and the existence of a ground state u E 
Hj L (Q), we shall prove that 

(39) E(u,Q) - £(</> m ,M) > 0, 


which is a contradiction since it violates the second inequality in (| 12 D . 
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Choosing a coordinate x € [0, oo) on the half-line Q\K ,, by Corollary 12.81 
the restriction of u to Q \ 1C takes the form 

<l>m(x + y), x > 0 , 


for some y € R and m > 0 satisfying (1221) . 

(i) Proof that y < 0, and L°° estimate. Combining 

(40) IMli °°(K) - 2e [ u 2 dx + y~ 13 I 

\ J JC J K, 

and, since ||u|| 2 2 ^ < y and < H^IIl 2 ^); us i n S ^Al) we obtain 

(41) IMli°°(/c) — £CyP +1 . 

Now, if y were positive, (j) m {x + y ) would be decreasing for x>0 and, since 
the half-line of Q is attached to /C at the point x = 0, we would have 
H M ll|°°(g) = II m II|°°(a:)' This, in view of (fldl) . would violate the first inequality 
in ED for small e, hence we conclude that y < 0. 

(ii) Estimate for fi — m. Since ||</> m ||^ 2 ( R ) = m i from the scaling rule (0 
written when y = m, since 2a — /3 = 1 we find by a change of variable 

(42) / \u\ 2 dx = m, — / \<fm\ 2 dx = m — m, |<^>i| 2 dx, z:=mPy. 

J G\JC J —oo J —oo 


p7l) with (1HH1) yields 
lu'l 2 dx\ 


As z < 0, to estimate the last integral we introduce the auxiliary function 


f(x) 


J-oo 1^1 00I 2 ds 
4>i(x) 2 


(x < 0), 


and observe that, from l’Hopital’s rule, 


lim f{x) 

x — y —oo 


lim 

x — y —oo 


4>i{x) 2 

2cj) 1 {x)(j)' 1 {x) 


lim 

x — V —oo 


M x ) 

2(f 1 (x) 


€ (0, +oo) 


(the finiteness of the last limit follows easily from the explicit form of cf> i, 
discussed in Remark 12.21) . Since / is continuous on (—oo,0], its supremum 
C is then finite, and depends only on p. In particular /(z) < C , that is 



dx < C(fi{z) 2 


CfiimPy) 2 = Cm 2a (f m {y) 2 . 


Plugging into (1421) . since 1 — 2 a = —/3 we obtain 



u\ 2 dx > m 


Cm l3 4> m (y) 2 > m 


Cy 0 (fm(y ) 2 
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having used (l22j) . Therefore, since y = |u| 2 dx + \u\ 2 dx, we hnd 

(43) y — m> [ \u\ 2 dx — Cy~^4> m (y) 2 . 


nc 


(in) Energy estimate on the half-line. As before, using ® when y = m 
and letting z = m°y, by a change of variable we have 


/ OO P oo 

(44J ' h 

> m 2 P +1 \E((j) i,M) - 


1 2 i^ih 


dx 


Wl 


-dx^ = — m 2 ^ +1 (o p + / ^y-dx^ 


where is as in COD. Arguing as in (ii), now applying l’Hopital’s rule to 
the function /(x) = |05J 2 ds/(j>i(x) 2 , we have /(x) < C p for x < 0, so 

that 


m 


2/3+1 


[ ljE j-dx < Cm 2p+l (j)\(z) 2 = Cm^fmiy) 2 < Cy^(j) m {y) 2 

having used (f22]i . Plugging into (1441) and using (Hod, one finds 
(45) E{u,g\Kf)-E{cf^>e p (y^ +1 -m^ +1 )-Cy^ m {y) 2 . 

Now observe that the mean value theorem and (|22j) give 

.. 2/3+1 _ ™2/3+l 
C-1^/3 < M- rn -< 

y — m 

According to the sign of y — m, we can use the first or the second inequality, 
finding in either case 

y 2/3+1 - m 2/3+1 > C^iy - m), 
which can be combined with (1431) to obtain 


^ 2 / 3+1 _ m 2/3+i > c -y/3 f \ u f dx - C yP<j> m (y) 2 . 

Jk 

Finally, plugging into (1451) we have 

(46) E(u, S\1C)- Efa, K) > C~ l y 2 P f \u\ 2 dx - C / cf m (y) 2 . 

Jk 

(iv) Energy estimate on 1C. We have from (|41l) 

f \u\ p dx < IMI^mn [ \u\ 2 dx < Ce^y 2 ' 3 f |u| 2 dx, 

Jk 1 Jk Jk 
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and therefore 


E(u,lC)>^- f \u'\ 2 dx — Ce V i p 213 f \u\ 2 dx. 

2 JK Jk 

Summing this inequality with (l46l) . and observing that 4> m (y) < |M|l°°(/c)) 
for small e we obtain 

E(u,G) — > fc~ 3 — Ce 2 ^) p 2 ^ [ \u\ 2 dx + \ [ \u'\ 2 dx 

v J JK 2 Jk 

-C p 13 (f m (y) 2 > p 2f3 [ \u\ 2 dx + \( \v!\ 2 dx - C p p \\u\\ 2 LOO{K) . 

2 Jk 2 Jk 

Finally, factoring p' 3 in the last expression, and using (SQD to estimate 
IMIl°°(JC)> we see that (1391) is established, if e is small enough. □ 

It is clear from the proof that the sole scope of assumption (13811 is to 
guarantee the validity of (HU1) via (HTTP . and the result is still valid if one 
merely assumes m- Assumption ([38]) , however, is handy to construct 
concrete examples, as we now show. 

Corollary 5.2. Let Q be a star-graph made up of one half-line and n edges 
of length l, and let /i > 0 . If pPl is small enough (depending only on p), 
and n is large enough (depending on p and p! 3 I), then Q has no ground state 
of mass ji. 

Proof. The compact core /C satisfies diam(/C) = 2 1 and |/C| = n£, and the 
application of Theorem 15.11 is immediate. □ 

Remark 5.3. When p = 4, computations with explicit constants reveal that, 
in Corollary 15.21 n = 5 is sufficient. Note that n > 3 is necessary, since a 
3-fork graph as in Figure [5] has ground states for every p. It is not known, 
however, if a 4-fork graph may furnish a counterexample. 


References 

[1] R. Adami, C. Cacciapuoti, D. Finco, D. Noja, Fast solitons on star 
graphs, Rev. Math. Phys. 23 (2011) no. 4, 409-451. 

[2] R. Adami, C. Cacciapuoti, D. Finco, D. Noja, On the structure of 
critical energy levels for the cubic focusing NLS on star graphs, J. Phys. 
A 45 (2012) no. 19, 192001, 7 pp. 

[3] R. Adami, E. Serra, P. Tilli, Lack of ground states for the NLS on 
bridge-type graphs, Proceedings of the conference “Mathematical Tech¬ 
nologies of Networks”, Bielefeld, 4-7 December 2013, to appear. ArXiv: 
1404.6973 (2014). 


21 



[4] R. Adami, E. Serra, P. Tilli, NLS ground states on graphs, Calc. Var. 
and PDEs, to appear. ArXiv: 1406.4036 (2014). 

[5] F. Ali Mehmeti, Nonlinear waves in networks, Akademie Verlag Berlin, 
1994. 

[ 6 ] J. von Below, An existence result for semilinear parabolic network equa¬ 
tions with dynamical node conditions, In Pitman Research Notes in 
Mathematical Series 266, Longman, Harlow Essex, 1992, 274-283. 

[7] G. Berkolaiko, P. Kuchment, Introduction to quantum graphs, Mathe¬ 
matical Surveys and Monographs 186, AMS, Providence, RI, 2013. 

[ 8 ] J. Bona, R. C. Cascaval, Nonlinear dispersive waves on trees, Can. J. 
App. Math 16 (2008), 1-18. 

[9] H. Brezis, E. Lieb, A relation between pointwise convergence of func¬ 
tions and convergence of functionals, Proc. Amer. Math. Soc. 88 (1983), 
no. 3, 486-490. 

[10] C. Cacciapuoti, D. Finco, D. Noja, Topology induced bifurcations for 
the NLS on the tadpole graph, Phys. Rev. E 91, (2015) no.l, 013206. 

[11] S. Cardanobile, D. Mugnolo, Analysis of a FitzHugh-Nagumo-Rall 
model of a neuronal network, Math. Meth. Appl. Sci. 30 (2007), 2281- 
2308. 

[12] T. Cazenave, Semilinear Schrodinger Equations, Courant Lecture Notes 
10, American Mathematical Society, Providence, RI, 2003. 

[13] J. Dolbeault, M.J. Esteban, A. Laptev, M. Loss, One-dimensional 
Gagliardo-Nirenberg-Sobolev inequalities: Remarks on duality and 
flows, J. Lond. Math. Soc. (2) 90 (2014), no. 2, 525-550. 

[14] P. Exner, J. P. Keating, P. Kuchment, T. Sunada, A. Teplyaev, Analysis 
on graphs and its applications, Proc. Syrnpos. Pure Math., 77, Amer. 
Math. Soc., Providence, RI, 2008. 

[15] L. Friedlander. Extremal properties of eigenvalues for a metric graph, 
Ann. Inst. Fourier (Grenoble) 55 (2005), no. 1, 199-211 

[16] S. Gnutzman, U. Smilansky, S. Derevyanko, Stationary scattering from 
a nonlinear network, Phys. Rev. A 83 (2001), 033831, 6 pp. 

[17] S. Haeseler, Heat kernel estimates and related inequalities on metric 
graphs, ArXiv: 1101.3010 (2011). 

[18] D. Noja, D. Pelinovsky, G. Shaikhova, Bifurcations and stability of 
standing waves in the nonlinear Schrodinger equation on the tadpole 
graph, ArXiv: 1412.8232 (2014). 


22 



[19] O. Post, Spectral analysis on graph-like spaces , Lecture Notes in Math¬ 
ematics, 2039. Springer, Heidelberg, 2012. 

[20] Z. Sobirov, D. Matrasulov, K. Sabirov, S. Sawada, K. Nakamura, Inte- 
grable nonlinear Schrodinger equation on simple networks: Connection 
formula at vertices , Phys. Rev. E 81 (2010), 066602. 

[21] L. Tentarelli, NLS ground states on metric graphs with localized non- 
linearities, ArXiv: 1503.00455 (2015). 

[22] V. E. Zakharov, A. B. Shabat. Exact Theory of two-dimensional self fo¬ 
cusing and one-dimensional self-modulation of waves in nonlinear me¬ 
dia, Soviet Phys. JETP 34 (1972) no.l, 62-69. 


23 



